The main concept of this classification is that graphs belonging to the same equivalence class have similar topological properties. Graphs are called homotopy equivalent if one of them can be converted to the other one by contractible transformations. A basic representative and complexity of a homotopy equivalence class are defined and investigated. Finding a basic representative within a homotopy equivalence class simplifies many topological problems in digital imaging. A method is designed for the classification of graphs by complexity and basic representatives. This method relies on computer experiments which show that contractible transformations are a graph analogue of homotopy in algebraic topology. Diagrams are given of basic representatives with the complexity N≤6.
Suppose now that space S 1 and S 2 are homotopy equivalent in E n . Build a sequence of cubical models M i and digital models G i of S 1 , and a sequence of cubical models B i and digital models H i of S 2 . As above, it turned out that the number r exists such that for all k, p, k>r, p>r, cubical models M k and B p are homotopy equivalent, and graphs G k and H p can be transformed from one to the other with contractible transformations. These results show that:  The digital model (intersection graph) contains topological and perhaps geometrical characteristics of space S. Otherwise, the digital model G of S is a digital counterpart of S.  Contractible transformations of graphs are a digital analogue of homotopy in algebraic topology.
To illustrate these experiments, consider examples depicted in fig. 1 , 2 and 3. For a twisted curve S 1 shown in fig. 1 , M 1 is a set of cubes intersecting S 1 , and G 1 is the intersection graph of M 1 . For a a topological disk S 2 , M 2 is a set of cubes intersecting S 2 , and G 2 is the intersection graph of M 2 . S 3 is a ball, M 3 is the cubical model for S 3 , G 3 is the intersection graph of M 3 . Obviously, spaces S 1 , S 2 and S 3 are homotopy equivalent, and graphs G 1 , G 2 and G 3 can be transformed with contractible transformations to each other and to a onepoint graph G 0 . A closed curve, S 1 is shown in fig. 2 , M 1 is a set of cubes intersecting S 1 , and G 1 is the intersection graph of M 1 . S 2 is a solid torus, M 2 is the cubical model for S 2 , G 2 is the intersection graph of M 2 . Spaces S 1 and S 2 are of the same homotopy type. It is easy to check that G 1 and G 2 can be transformed with contractible transformations to each other and to a graph H. In figure 3, S is a sphere, M is the cubical model of S, G is the intersection graph of M. G can be transformed with contractible transformations to H, which is a digital sphere [4, 6] . Figure 2 . S 1 is a closed curve, M 1 is the cubical model for S 1 , G 1 is the intersection graph of M 1 . S 2 is a solid torus, M 2 is the cubical model for S 2 , G 2 is the intersection graph of M 2 . G 1 , G 2 and H are homotopy equivalent to each other.
Contractible graphs and contractible transformations. Simply connected graphs.
In order to make this paper self-contained we will summarize the necessary information from previous papers [5, [7] [8] [9] , give new proofs of some assertions and investigate new properties of contractible graphs and contractible transformations. In papers [7] [8] it was shown that contractible transformations do not change the Euler characteristic and homology groups of graphs. Traditionally, a digital image, has a graph structure [2, [6] [7] . By a graph G=(V,W), we mean a finite or countable set of points V={v 1 ,v 2 ,...v n ,…} together with a set of edges W = {(v р v q ),....}VV, provided that (v р v q )=(v q v p ) and (v р v p )W. Such notions as the connectedness, the adjacency, the distance on a graph G are completely defined by sets V and W. Remind that a subgraph H=(V 1 ,W 1 ) of a given graph G=(V,W) is said to be induced by the set of points V 1 if points v р ,v q H are adjacent in H if and only if they are adjacent in G. Since in this paper we use only subgraphs induced by a set of points, we use the word subgraph for an induced subgraph. We write HG. ∩O(u) is called the rim of (vu). Graphs G and H are called separated if they have no points in common and any point of G is not adjacent to any point of H. For two separated graphs, their join GH is the graph that contains G, H and edges joining every point in G with every point in H. A graph vG is called the cone of G. Graphs can be transformed from one into another in a variety of ways. Contractible transformations of graphs introduced in [7] [8] [9] play the same role in this approach as a homotopy in algebraic topology. First, define contractible graphs. Definition 3.1  A one-point graph is contractible.  If G is a contractible graph and H is a contractible subgraph of G then the graph G v obtained by gluing a point v to G so that the rim O(v)=H is contractible.  A point v in graph G is simple if the rim O(v) of v is a contractible graph. By construction, a contractible graph is connected. According to this definition, a contractible graph is obtained from its contractible subgraph by sequential gluing simple points. Therefore, a contractible graph G can be converted to any contractible subgraph of G by sequential deleting simple points. It is easy to check directly for any contractible graph (see for example, contractible graphs depicted in fig.4 ). The following corollary is a direct consequence of this definition.
Corollary 3.1
Let G be contractible graph and H be its contractible subgraph, H≠G. Then G can be transformed into H by sequential deleting simple points. In fig. 4 , G 11 is converted to G 1 by deleting points d, b and c. It is natural to ask how many simple points a contractible graph has. Proposition 3.1 
(a). Let G be contractible graphs and v be its point. Then G can be transformed into v by sequential deleting simple points. (b). Let G be contractible graphs and H be its contractible subgraph. If all simple points of G belong to H then H=G. (c). Let G be a contractible graph with the cardinality |G|>1. Then G has at least two simple points. Proof. (a ) A one-point graph H=v is contractible according to definition 3.1. Therefore, G can be converted to v by sequential deleting simple points. (b ) If H G and G-H≠ then there is a simple point belonging to G-H. Since all simple points of G belong to H then G-H= . (c ) Let v be a simple point of G. According to corollary 3.1, G can be converted to a one-point graph v by sequential deleting simple points. Therefore, G contains a simple point u which is different from v. This completes the proof.  Every point of graphs G 9 G 11 in fig. 4 is simple.
Proposition 3.2
The cone vG of a graph G is a contractible graph. Proof. The proof is by induction on the cardinality |G| of G. For |G|=1,2,3, the proposition is plainly true (fig. 4) . Assume that the proposition is valid whenever |G|<k. Let |G|=k. Let point x G. Then O(x)=v(O(x)∩G) and (vG)-x=v(G-x) are contractible graphs by the induction hypothesis. Therefore, vG is a contractible graph by definition 3.1. This completes the proof.  Fig. 4 shows cones G 2 G 4 , G 6 , G 7 , G 9 G 11 . Remind that an m-clique or an m-compete graph K is a set of m points every two of which are adjacent to each other. The following corollary is a direct consequence of proposition 3.2.
Corollary 3.2
The join KG of a clique K and a graph G is a contractible graph. If in the join HG, one of graphs is contractible we have the following. Proposition 3. 3 The join HG of a contractible graph G and a graph H is a contractible graph. Proof. The proof is by induction on the cardinality n of G. For n=1,2 the proposition is plainly true. Assume that the proposition is valid whenever n<k. Let n=k. Since G is contractible then it has a simple point x. Then the rim of x in HG is O(x)= HO G (x), where O G (x) is the rim of x in G and (HG)-x=H(G-x). O G (x) and G-x are contractible graphs. Therefore, O(x)= HO G (x) and (HG)-x=H(G-x) are contractible graphs by the induction hypothesis. Hence, HG is a contractible graph by definition 3.1. This completes the proof.  Proposition 3. 4 Let G be a contractible graph and for some point v in G, V={v 1 ,…v k } be a set of non-adjacent to v points. Then there is at least one simple point, which is non-adjacent to v. Proof. The ball U(v)=vO(v) is a contractible graph by proposition 3.2. Therefore, G can be converted into U(v) by sequential deleting simple points v 1 , v 2 ,… according to corollary 3.1. Hence, v 1 is a simple point nonadjacent to v. This completes the proof.  Consider now the case when the rim of some edge is a contractible graph. Definition 3. 2 An edge (uv) of a graph G is called simple if the rim O(vu)=O(v)∩O(u) of (uv) is a contractible graph. Every edge of graph G 11 in fig. 4 is simple.
Proposition 3.5
Let G be a contractible graph and (uv) be a simple edge in G. Then G-(uv) obtained by deleting (uv) from G is a contractible graph. Proof. The proof is illustrated in fig. 5 . Notice first that subgraphs H=(uv) O(uv)=uvO(uv) of G is contractible by corollary 3.2. Therefore, G can be converted into H by sequential deleting simple points. Graph G-(uv) can be converted into H-(uv) by the same sequential deleting simple points. If O(uv) is a contractible graph then H-(uv) is a contractible graph by construction of H. Therefore, G-(uv) is contractible by definition 3.1. If O(uv) is not a contractible graph then H-(uv) is not a contractible graph by construction of H. Therefore, G-(uv) can be converted into non-contractible H-(uv) by sequential deleting simple points. According to definition 3.1, G-(uv) is a non-contractible graph. This completes the proof.  Proposition 3.6
Let G be a contractible graph with the set of points {v 1 ,…v n } and K(n) be an n-clique with the same set of points. Then K(n) can be converted into G by sequential deleting simple edges. is contractible according to proposition 3.5. In G k+1 , point v k+1 is adjacent to v 1 . This operation is repeated until all points are adjacent to v 1 . The obtained graph G n is a cone, in which v 1 is adjacent to all other points. All other edges can be glued in an arbitrary sequence because all of them are simple. The obtained graph is K(n). By deleting the edges in the reverse order, we obtain G from K(n). This completes the proof.  Proposition 3.6 is illustrated in fig. 4 . G 11 =K(4) is a clique. G 10 =G 11 -(ab), G 9 =G 11 -(bd), G 8 =(G 11 -(ab))-(bd),
In classical topology, the notion of simple connectedness is closely related to the Poincare conjecture. A topological space X is called simply connected if it is path-connected and for any continuous map f : L→ X (where L denotes the unit circle in Euclidean 2-space) there exists a continuous map F : D → X (where D denotes the unit disk in Euclidean 2-space) such that F restricted to L is f. In graph theory, a similar definition of the simple connectedness can be introduced. Definition 3. 3  We say that a closed curve L is an alternating sequence {v 1 ,v 2 ,...v n }, of different points with each point being adjacent exactly to the points immediately preceding and succeeding it in the sequence and with endpoints v 1 and v n being adjacent (in [4, 6] , it is called a digital one-dimensional sphere).  A graph G is simply connected if it is connected, and whenever L is a closed curve in G, then there is a contractible subgraph H of G containing L. fig. 6 are closed curves. The following proposition describes the structure of a simply connected graph. A contractible graph H in definition 3.3 resembles a digital 2-disk with the boundary L which is a digital 1-sphere (see [4, 6] ).
Proposition 3.7
Let G be a simply connected graph. Then for any closed curve L lying in G there is a contractible subgraph H of G so that L is a subgraph of H, every point v belonging to L is simple in H and every point u belonging to H-L is not simple in H. Proof. According to definition 3.3, G contains a contractible subgraph A, which contains L. Sequentially delete from A simple points, which do not belong to L. In the obtained contractible graph H, any point u belonging fig. 6 are digital 2-and 3-dimensional spheres. It is easy to see that they are simply connected. Graph P is a digital 2-dimensional projective plane, graph T is digital 2-dimensional torus. P and T are not simply connected.
Homotopy equivalence of graphs, simple sets of points, compressed graphs
Computer experiments described in [7] show that intersection graphs of cubical models of homotopy equivalent continuous objects can be transformed from one to the other with contractible transformations. This is a good argument to believe that topological and perhaps geometrical characteristics of continuous objects are encoded into their intersection graphs. Let M={u 1 ,u 2 ,…} be a collection of unit n-cubes with integer corner coordinates in Euclidean space E n . To each cubical set M is associated its intersection graph G(M) which is a digital model of M. Paper [3] shows that M=u 1 u 2 … has the homotopy type of a point iff G(M) is a contractible graph. Based on this property and the results of computer experiments, it is reasonable to define homotopy equivalence as follows.
Definition 4.1
Graphs G and H are called homotopy equivalent if one of them can be converted to the other one by a sequence of contractible transformations. Homotopy equivalent graphs have the same homotopy type and belong to the same homotopy class. For example, all contractible graphs are homotopy equivalent to a one-point graph (see fig. 4 ). In papers [7] [8] , it was shown that graphs which are homotopy equivalent have isomorphic homology groups and the Euler characteristic is also a homotopy invariant. Paper [5] studied R-transformations which increase the order of a graph without changing the homotopy type. Let G be a graph and H=RG=(G x)-(vu) be the graph obtained from G by an R-transformation. Then H is homotopy equivalent to G. R-Transformations increase the number of points in a given graph G retaining the global topology (the homotopy type of G) and the local topology (the homotopy type of the neighborhood of any point). Deletion of simple points and edges reduces the order and the size of a graph. The basic idea of a simple point can be extended to the notion of a simple set of points. Paper [4] introduced the notion of a simple set of points of a digital mn-manifold. It was shown that contracting a simple set of points does not change the hootopy type of a digital n-manifold. A similar definition for a graph is given below. Definition 4.3 Let G be a graph and S={v 1 ,v 2 ,…v n } be a set of points in G.  S is said to be simple if S={v 1 ,v 2 ,…v n } is a contractible subgraph of G and the union U(S)=U(v 1 )…U(v n ) is a contractible subgraph of G.  The contraction of a simple set S to a point z is the replacement of points {v 1 ,v 2 ,…v n } with a point z such that z is adjacent to the points to which points {v 1 ,v 2 ,…v n } were adjacent. By H=(G-S){z} we denote the graph obtained by the contraction of S to z. Fig. 7 illustrates definition 4.3 . In graph G, S is a simple set (black points), i.e., a contractible graph, U(S) is a contractible graph (black and white points), and H is the graph obtained by contracting S to z. The contraction of a simple set reduces the number of point (order) of a graph. fig. 7 is a digital 1-sphere, T is a simple set of points (black points), and U(T) is a set of black and white points. The contraction of T converts M into a minimal digital 1-sphere N. The contraction of a simple set preserves global topology of a graph. The deletion of simple points, simple edges and the contraction of simple sets of points is a natural way to reduce the number of points and edges in a graph.
Definition 4.4
A graph G is called compressed if it contains no simple point and simple set of points. Compressed graphs which are digital n-manifolds were studied in [4] . Naturally, a graph which has a minimal number of points and edges among all homotopy equivalent graphs is compressed. Fig. 6 shows compressed minimal digital one-, two-, and three-dimensional spheres S 1 , S 2 and S 3 , a compressed minimal digital two-dimensional torus T, and a compressed minimal digital two-dimensional projective plane P. Notice that a given homotopy-equivalence class may have several minimal graphs which are not isomorphic. As an example, consider graphs P and Q depicted in fig. 8 . P and Q are minimal digital 2-dimensional projective planes with equal number of points and edges. They are not isomorphic. Each of them can be considered as a basic representative of the given homotopy class.
LCL covers of graphs
In graph theory, covers of graphs have been studied for a long time. Paper [11] considers several aspects of covering a graph G with graphs from a fixed covering class C, introduces parameters, which evaluate how well G can be covered with respect to C and contains sixty references to recent works of different authors. In this section, we consider a cover which leads to a minimal graph within a given homotopy equivalence class. 
. This result is valid for G i , i=2,…k. This means that O(v) G 1 …G k This completes the proof. 
Proposition 5.2
Let H={v 1 ,…v t } be a graph and W={G 1 ,…G n } be a cover of H= G 1 …G n . If W is an LCL cover then the intersection graph G(W) of W is homotopy equivalent to H. Proof. Glue point x 1 to H so that O(x 1 )=G 1 . Since G 1 is a contractible subgraph of H then the graph A 1 =H {x 1 } is homotopy equivalent to H. Suppose that G 1 G 2 =. Glue point x 2 to A 1 so that O(x 2 )=G 2 . Since G 2 is a contractible subgraph of A 1 then the graph A 2 =A 1 {x 2 }=H {x 1 ,x 2 } is homotopy equivalent to A 1 . Now suppose that G 1 G 2 . Glue point x 2 to A 1 so that O(x 2 )=G 2 {x 1 }. G 2 {x 1 } is a contractible graph because O(x 1 )∩G 2 =G 1 ∩G 2 is a contractible subgraph of G 2 . Hence, the graph A 2 =A 1 {x 2 }=H {x 1 ,x 2 } is homotopy equivalent to A 1 . Using the same procedure, glue sequentially points x 3 ,…x n to H. The obtained graph A n =H {x 1 ,…x n } is homotopy equivalent to H and the subgraph X={x 1 ,…x n } is the intersection graph G(W) by construction of A n . Now show that A n can be converted to X by contractible transformations. In 
is a contractible graph then v is a simple point and can be deleted from B 1 . By deleting all such points, B 1 is converted to B 2 which is homotopy equivalent to B 1 . In B 2 , pick a point v G i G k G p such that the rim O(v)∩H G i G k G p . Acting in the same way, B 2 is converted to B 3 which is homotopy equivalent to B 2 . Using the same procedure, A n is converted into graph X by sequential deleting simple points belonging to H. Therefore, X is homotopy equivalent to A n and H. Hence, X is homotopy equivalent to H. This completes the proof.  This result can be used to reduce the order of a graph. For a graph G, choose an LCL cover W 1 of G and construct the intersection graph G 1 of W 1 . G 1 is homotopy equivalent to G. Sequentially applying the same procedure, we finally obtain a graph G n , for which any G n+1 contains the same number of points as G n . Therefore, the order of G n cannot be reduced by applying this procedure. Fig. 8 illustrates the above  proposition. H is a graph, G 1 , G 2 , G 3 and G 4 are contractible subgraphs of H, W(G 1 ,G 2 ,G 3 ,G 4 ) is an LCL cover of H. G(W) is the intersection graph of W. H and G(W) are homotopy equivalent graphs.
Basic representatives of homotopy equivalent classes and classification of graphs.
Our purpose now is to reduce the order ( number of points) and the size (number of edges) in a graph G by using contractible transformations, which retain the homotopy type of G and to classify graphs by their basic representatives. It is clear, that the classification of graphs in the context of this paper is a computational problem, which requires large amount of memory and computational resources. A contractible graph can be converted into a minimal one-point graph. A graph, which is a digital n-sphere, can be converted to a minimal n-sphere with 2n+2 points [4] [5] [6] . Definition 6.1
A graph G is called minimal if the order and the size of G cannot be reduced by contractible transformations. A minimal graph can be considered as a basic representative of homotopy equivalence class, which this graph belongs to. It is clear that homotopy equivalent minimal graphs are not necessarily isomorphic. Graphs P and Q shown in fig. 8 are homotopy equivalent minimal graphs with equal order and size but they are not isomorphic. If there are several homotopy equivalent minimal graphs (with the equal order and size) one of them can be chosen as the basic representative of a given homotopy equivalence class. It is interesting to stress that from the point of view of graph classification up to homotopy equivalence, the above definition can be used for the classification of graphs. Each homotopy equivalence type contains an infinite number of graphs. If we find a basic representative within a given homotopy type it will simplify many computational tasks in applications where graphs are associated with digital images. Fig. 6 depicts minimal graphs which are digital 1-, 2-and 3-spheres S 1 1 , S 2 and S 3 , a minimal digital 2-dimensional torus T, and a minimal digital 2-dimensional projective plane P. Graph G can be converted to a minimal graph:
 By sequential deleting simple points and edges.  By the sequential contraction of simple sets of points.  By the sequential construction of intersection graphs G 1 , G 2 ,… of LCL covers of G. Classification of graphs by the complexity, the weight and basic representatives. In algebraic topology, the notion of complexity of a compact 3-dimensional manifold was introduced by S. V. Matveev [14] . Roughly speaking, complexity of a 3-dimensional manifold is the minimal number of highest dimensional simplexes in a triangulation of the manifold. Since then, complexity of continuous 3-and 4-and n-manifolds was studied by many researchers (see e.g. [1, 13] ). Graphs representing digital n-manifolds have been classified in paper [4] . Using analogy with the results of [4] , we give the following definition. Definition 6.2 Let H be a graph and G be a minimal graph, which is homotopy equivalent to H.
 G is called a basic representative of H and the homotopy equivalence class containing H and G. More detailed classification can be made by using the number of loops and so on. As an example, Table 1 Basic representatives of homotopy equivalence classes for complexity≤6. Fig. 9 depicts basic representatives G 1 ,…G 7 (minimal graphs) for the complexity com(H) ≤6. Graphs G 4 and G 5 are homotopy equivalent and any of them can be taken as the basic representative. Notice that in this paper, we use only connected graphs. As one can see from table 1, for N=2,3 there is no basic representatives at all. All graphs shown in fig. 9 and graphs S 1 1 , S 2 , P and T in fig. 6 are minimal graphs, i.e., basic representatives of homotopy equivalent classes.
Examples of applications
 According to [15] , the shape of most macroscopic brain structures can be continuously deformed into a sphere. Then the digital image of this object is a graph, which must be homotopy equivalent to a minimal digital 2-sphere G 7 depicted in fig. 9 if the segmentation techniques are accurate and correct. If a continuous object topologically is a torus then its digital image must be homotopy equivalent to a minimal digital torus shown in fig. 6 .  In biology, there is correlations between biocochemical properties of organic molecules ad the topological structure of their molecular graphs(see [16] ). A molecular graph can be transformed into its basic representative with the same topological structure as the given molecular graph.
Conclusion
 The connection is emphasized linking homotopy equivalence of continuous objects and homotopy equivalence of graphs representing these objects. This connection is based on computer experiments.  This paper introduces the classification of graphs based on homotopy equivalence and contractible transformations of graphs. A method is presented to compute the complexity, the weight and the basic representative for each homotopy equivalence class.  The complexity, the weight and the basic representative can be found by deleting simple points and edges, by contracting simple sets of points and by constructing LCL covers of a graph. . Basic representatives (minimal graphs) of homotopy equalence classes with complexity<7. G 2 is a minimal digital 1-sphere, G 7 is a minimal digital 2-sphere.
 Each homotopy equivalence class is characterized by the complexity, the weight and the basic representative.
